Virtually nilpotent groups with finitely many orbits under automorphisms by Bastos, Raimundo et al.
ar
X
iv
:2
00
8.
10
80
0v
1 
 [m
ath
.G
R]
  2
5 A
ug
 20
20
VIRTUALLY NILPOTENT GROUPS WITH FINITELY
MANY ORBITS UNDER AUTOMORPHISMS
RAIMUNDO BASTOS, ALEX C. DANTAS, AND EMERSON DE MELO
Abstract. Let G be a group. The orbits of the natural action
of Aut(G) on G are called “automorphism orbits” of G, and the
number of automorphism orbits of G is denoted by ω(G). Let G
be a virtually nilpotent group such that ω(G) <∞. We prove that
G = K ⋊H where H is a torsion subgroup and K is a torsion-free
nilpotent radicable characteristic subgroup of G. Moreover, we
prove that G
′
= D × Tor(G
′
) where D is a torsion-free nilpotent
radicable characteristic subgroup. In particular, if the maximum
normal torsion subgroup τ(G) of G is trivial, then G
′
is nilpotent.
1. Introduction
LetG be a group. The orbits of the natural action of Aut(G) onG are
called “automorphism orbits” of G, and the number of automorphism
orbits of G is denoted by ω(G). Observe that automorphism orbits are
unions of conjugacy classes and hence they give an example of fusion
in the holomorph group G⋊Aut(G), a well-known concept established
in the literature (see for instance [5, Chapter 7]). It is interesting to
ask what can we say about “G” only knowing ω(G). It is obvious that
ω(G) = 1 if and only if G = {1}, and it is well-known that if G is
a finite group then ω(G) = 2 if and only if G is elementary abelian.
In [8], T. J. Laffey and D. MacHale proved that if G is a finite non-
soluble group with ω(G) 6 4, then G is isomorphic to PSL(2,F4).
M. Stroppel in [13] has shown that the only finite nonabelian simple
groups G with ω(G) 6 5 are the groups PSL(2,Fq) with q ∈ {4, 7, 8, 9}
(see also [7] for finite simple groups with ω(G) 6 17). In [3], it was
proved that if G is a finite non-soluble group with ω(G) 6 6, then G
is isomorphic to one of PSL(2,Fq) with q ∈ {4, 7, 8, 9}, PSL(3,F4) or
ASL(2,F4) (answering a question of M. Stroppel [13, Problem 2.5]).
Here ASL(2,F4) is the affine group F
2
4⋊SL(2,F4) where SL(2,F4) acts
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naturally on F24. For more details concerning automorphism orbits of
finite groups see [3, 4, 7, 8, 14].
Some aspects of automorphism orbits are also investigated for infinite
groups. In [9], H. Ma¨urer and M. Stroppel classified the groups with
a nontrivial characteristic subgroup and with three orbits by automor-
phisms (see also [2, Theorem B]). M. Schwachho¨fer and M. Stroppel
have shown that if G is an abelian group with finitely many automor-
phism orbits, then G = D⊕Tor(G), where D is a torsion-free divisible
characteristic subgroup of G and Tor(G) is the set of all torsion el-
ements in G [12, Lemma 1.1]. In [1], it was proved that if G is a
FC-group with finitely many automorphism orbits, then the derived
subgroup G′ is finite and G admits a decomposition G = A× Tor(G),
where A is a divisible characteristic subgroup of Z(G) (cf. [1, Theorem
A]).
The semidirect product allows us to present interesting examples of
groups with finitely many automorphism orbits (see Section 2, below).
The next result provides a criterion to a semidirect product G = A⋊B
has only finitely many automorphism orbits, where A is an abelian
group and B is a finite group.
Theorem 1.1. Let A be an abelian group and B a finite subgroup of
Aut(A). Let G = A ⋊ B be the semidirect product of A and B and
assume that A is a characteristic subgroup of G. Then ω(G) < ∞
if and only if A has finite automorphism orbits under the action of
CAut(A)(B).
We recall that a group possesses a certain property virtually if it has
a subgroup of finite index with that property. In [2], the authors prove
that if G is a soluble group of finite rank with ω(G) < ∞, then G
contains a torsion-free characteristic nilpotent subgroup K such that
G = K ⋊H , where H is a finite group (cf. [2, Theorem A]). The next
result can be viewed as a generalization of the above mentioned results
from [1], [2] and [12].
Theorem 1.2. Let G be a virtually nilpotent group with ω(G) < ∞.
Then G has a torsion-free radicable nilpotent subgroup K and a torsion
subgroup H such that G = K⋊H. Moreover, the derived subgroup G
′
=
D×Tor(G
′
), where D is a torsion-free nilpotent radicable characteristic
subgroup.
We denote by τ(G) the maximum normal torsion subgroup of a group
G. Note that in Theorem 1.2 if τ(G) = 1, then the derived subgroup
G′ is nilpotent. On the other hand, H need not be soluble, for in-
stance, if H is any finite group and D is a torsion-free divisible abelian
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subgroup, then the group G = H × D has finitely many orbits under
automorphisms (cf. [12, Lemma 1.1(4)]).
Now, the following result is an immediate consequence of [2, Theorem
A] and Theorem 1.2.
Corollary 1.3. Let G be a virtually soluble group of finite rank with
ω(G) < ∞. Then G has a torsion-free radicable nilpotent subgroup
K and a finite subgroup H such that G = K ⋊ H. Moreover, the
derived subgroup G
′
= D×Tor(G
′
), where D is a torsion-free nilpotent
radicable characteristic subgroup.
As mentioned before, if A is a torsion-free abelian group with ω(A) <
∞, then A is a divisible abelian group. In particular, A can be consid-
ered as a vector space over Q. Using Maschke’s theorem and Theorems
1.1 and 1.2 (see also Lemma 2.4, below) we obtain the following inter-
esting corollary.
Corollary 1.4. Let A be a finite dimensional vector space over Q
and B a finite subgroup of Aut(A). Let G = A ⋊ B be the semidirect
product of A and B. Then ω(G) <∞ if and only if B is abelian.
It is worth to mention that in Corollary 1.4 each element of CAut(A)(B)
induces automorphisms of A as QB-module. Then, Theorem 1.1 says
that the semidirect product A ⋊ B has finitely many automorphism
orbits if and only if A has finitely many automorphism orbits as QB-
module.
2. Preliminaries and Examples
As usual, if A is a group and B is a subgroup of Aut(A), we denote
by CAut(A)(B) the subgroup {c ∈ Aut(A) | b
c = b, ∀b ∈ B}. We write
ωC(G) for the number of automorphism orbits of G under the action
of a subgroup C of Aut(G). In what follows, V is a vector space over
Q, B is a finite group of Aut(V ) and C = CAut(V )(B). We consider V
as a QBC-module.
Lemma 2.1. If ωC(V ) = n, then ωCs(V
s) = ns.
Proof. It is enough to note that if v1, · · · , vn are representatives of the
orbits of V by action of C, then {(vi1 , · · · , vis) | 1 6 i1, · · · , is 6 n} is
a set of representatives of the orbits of V s by action of Cs. 
Assume that |B| = s and let ξ be a primitive sth root of unity. We
extend the ground ring Q of V by ξ and denote by V˜ the vector space
V ⊗Q Q[ξ]. The actions of B and C on V extends naturally to V˜ by
4 BASTOS, DANTAS, AND DE MELO
(v⊗k)x = vx⊗k. See [6, Chapter 4] for more details. If φ(s) is Euler’s
function, we obtain that
V˜ = V ⊗Q Q[ξ] =
φ(s)−1⊕
i=0
(V ⊗Qξi).
Clearly if ωC(V ) <∞, then ωC(V ⊗Qξ
i) <∞ for any i. Therefore by
Lemma 2.1 we conclude that ω(V˜ ) <∞.
Lemma 2.2. Let W 6 V be an irreducible C-submodule. Assume that
ωC(V ) <∞. Then W
b = W for each b ∈ B.
Proof. Note that both W and W b are irreducible C-submodule of V .
Suppose thatW b 6= W . Then W ∩W b = 0. Let w ∈ W and 1 6= c ∈ C.
We will prove that w+wb and w+ (wb)c are not in the same orbit. In
fact, if (w+wb)x = w+(wb)c for any x ∈ C, then wx+(wb)x = w+(wb)c
which implies that wx = w. Thus, (w + wb)x = w + wb. Therefore, for
any c ∈ C the elements w + (wb)c are in different orbits. 
Lemma 2.3. Let W 6 V˜ be an irreducible C-submodule, where V˜ =
V ⊗Q Q[ξ]. If ωC(V˜ ) < ∞, then any element b ∈ B acts as scalar on
W .
Proof. By Lemma 2.2 we have that W b = W for any b ∈ B. On the
other hand, for any b ∈ B the subspace {v ∈ V | vb = λv, λ ∈ Q[ξ]}
is a C-submodule of V˜ . Then any element b ∈ B acts as scalar on W ,
since Q[ξ] is a splitting field for B. 
Lemma 2.4. If ωC(V ) <∞, then B is abelian.
Proof. Since V and V˜ have finitely many orbits under the action of C,
without loss of generality it will be assumed that V is a vector space
which the ground field is a finite extension of Q and contains ξ.
For any v ∈ V it is easy to see that v is contained in a finite di-
mensional B-invariant subspace of V . So, although V is not of finite
dimension, for any b ∈ B we have that b is diagonalizable and then
V =
⊕
λ∈〈ξ〉
Vλ
where Vλ is the eigenspace of b associated with λ. Since each subspace
Vλ is a C-submodule, we obtain that V
y
λ = Vλ for any y ∈ B by Lemma
2.2. Now it became clear that V is a direct sum of “simultaneous
eigenspaces”, that is, V is a direct sum of subspace of the form {v ∈
V | vb = λ(b)v for each b ∈ B} where λ(b) is a eigenvalue of b ∈ B.
Therefore B′ = 1, since B′ acts trivially on simultaneous eigenvectors,
which completes the proof. 
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The remainder of this section is devoted to present semidirect prod-
ucts with exactly three orbits under automorphisms. Recall that a
group G is called almost homogeneous if ω(G) 6 3. The next exam-
ple compile some almost homogeneous groups which appeared in the
papers [2, 8, 9].
Example 2.5.
(1) In [8], T. J. Laffey and D. MacHale characterize finite groups
G that are not p-groups and have the property that ω(G) = 3.
According to this characterization, such a group has order of
the form pqn where p and q are distinct primes. Furthermore,
the Sylow q-subgroup Q is elementary abelian and the Sylow
p-subgroup acts fixed-point-freely on Q.
(2) (H. Ma¨urer, M. Stroppel [9, Lemma 2.6 and Proposition 2.7])
Let p be a prime. Let F be a field, and assume that the cyclo-
tomic polynomial Φp given by Φp = (x
p − 1)/(x− 1) has p− 1
different roots in F, and that Aut(F) acts transitively on the
set of these roots. For any vector space V over F, define the
semidirect product V ⋊ Ω, where Ω = {f ∈ F | f p = 1} acts on
V by scalar multiplication. Then ω(V ⋊ Ω) = 3.
(3) In [2], the authors prove that a soluble mixed order group G has
ω(G) = 3 if and only if G = A ⋊ H where |H| = p for some
prime p, H acts fixed-point-freely on A and A = Qn for some
positive integer n.
The next example shows that there are nonnilpotent torsion-free
groups of infinite rank with exactly three orbits under automorphisms.
Let c be a real transcendental number. Define D = 〈ca | a ∈ Q+〉.
Note that D is a subgroup of R× isomorphic to the additive group Q+.
Now, let S be the set of nontrivial elements of D, that is, S = {ca | a ∈
Q×} and K = Q(S) the transcendental field extension generated by S.
It was proved in [11, Example 2.2] that the automorphism groups of the
field K is isomorphic to Q× and it is generated by automorphism map-
ping c to ca where a ∈ Q×. In particular, under this automorphisms D
has two orbits.
Example 2.6. Let
G =
{[
d 0
k 1
]
| d ∈ D, k ∈ K
}
≃ K⋊D.
Then ω(G) = 3.
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Proof. Let C =
{[
k′ 0
0 1
]
| k′ ∈ K×
}
. Then C acts by automor-
phisms on G and under this action the subgroup
N1 =
{[
1 0
k 1
]
| k ∈ K
}
has exactly two orbits. Moreover, C acts trivially on
N2 =
{[
d 0
0 1
]
| d ∈ D
}
.
On the other hand, the automorphisms of K acts on G in such a way
that N2 has two orbits. Then G has three automorphism orbits. 
It is worth to mention that infinite groups with small number of
automorphism orbits need not be soluble. For instance, G. Higman, B.
Neumann and H. Neumann have constructed a torsion-free nonabelian
simple group with exactly 2 automorphism orbits. Recently, D. Osin, in
[10], proved that any countable torsion-free group can be embedded into
a 2-generated groupM with exactly 2 conjugacy classes. In particular,
ω(M) = 2.
3. Proof of Theorem 1.1
In this section we prove Theorem 1.1 and Corollary 1.4.
Proof of Theorem 1.1. Recall that A is an abelian group and B a finite
subgroup of Aut(A). Assume that A is a characteristic subgroup of
G = A ⋊ B. We need to prove that ω(G) < ∞ if and only if A has
finite automorphism orbits under the action of CAut(A)(B).
Suppose that ω(G) is finite. Taking into account that A is a char-
acteristic subgroup of G we can consider Aut(G) acting on G/A and
then we conclude that there exists a subgroup X 6 Aut(G) of finite
index which acts trivially on G/A. In other words, for any b ∈ B the
cosets Ab are invariant by all elements of X . Note that G has finite
orbits under the action of X since X has finite index.
Now, for each α ∈ X we define α¯ ∈ CAut(A)(B) by
(ab)α¯ = aαb, for any a ∈ A and b ∈ B.
In fact, since A is abelian and bα = cb for some c ∈ A we have
(ab)α¯ = (ab)α = (aα)b
α
= (aα)cb = (aα)b = (aα¯)b
α¯
,
and then α¯ is an automorphism of G such that bα¯ = b. Moreover, note
that for each α ∈ X the automorphism α¯ acts in the same way on A.
Then number of orbits in A under the action of X and CAut(A)(B)∩X
is the same.
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Now, assume that A has finite orbits by the action of CAut(A)(B).
For any c ∈ CAut(A)(B), a ∈ A and b ∈ B we have that (ab)
c = acb.
Therefore G = A⋊B has at most |B|ωC(A) automorphism orbits. 
The next lemma can be found in [5, Theorem 3.2.2].
Lemma 3.1. If a finite abelian group H possesses a faithful irreducible
representation on a vector space V , then H is cyclic.
We are now in a position to prove Corollary 1.4.
Proof of Corollary 1.4. Recall that A is a finite dimensional vector
space over Q and B a finite subgroup of Aut(A). We need to show
that ω(A⋊ B) <∞ if and only if B is abelian.
If ω(G) < ∞, then we can use Lemma 2.4 to conclude that B is
abelian.
Assume that G = A⋊ B where B is an abelian group. We consider
A as a vector space over Q. Then Maschke’s Theorem [5, 3.3.1] gives
that A is a completely reducible B-module. Hence
A = V1 ⊕ · · · ⊕ Vt
where Vi is an irreducible B-submodule. In particular, we have that
there exists a B-invariant subspace U such that A = Vj ⊕ U for any
j ∈ {1, · · · , t}.
Let Vj be a component of A in the above decomposition. By Lemma
3.1 if K is the kernel of the action of B on Vj , then B/K is cyclic. Let
x be a generator of B/K and d the degree of the minimal polynomial
of x. Let v and w be nontrivial elements of Vj. Then {v, · · · , v
xd} and
{w, · · · , wx
d
} are bases of Vj. Now, a routine calculation shows that
the map α defined by (vx
j
)α = wx
j
, uα = u (u ∈ U) and bα = b for any
b ∈ B extends to an automorphism of G. Indeed, the automorphism
α commute with x since (vx
j
)α = (wx
j
) = (vα)x
j
. Hence, for any
component Vj and any two elements v, w ∈ Vj there is α ∈ CAut(A)(B)
such that vα = w. Therefore A has finitely many automorphism orbits
under the action of CAut(G)(B) and by Theorem 1.1 it is sufficient to
conclude that ω(G) <∞. 
4. Proof of Theorem 1.2
Let G be a group and H a subgroup of Aut(G). We say that H
stabilizes a normal H-invariant series
G = G1 > G2 > · · · > Gt > Gt+1 = 1
if A acts trivially on each factor Gi−1/Gi.
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Lemma 4.1. Let G be a torsion-free group and H a finite subgroup of
Aut(G). If a subgroup N of H stabilizes a normal H-invariant series
G = G1 > G2 > · · · > Gt > Gt+1 = 1,
then N = 1.
Proof. For any x ∈ N and g ∈ Gt−1 we have that g
x = gy for some
y ∈ Gt. Moreover, we have that g
xi = gyi for any i. Hence, if |x| = n,
then g = gyn, whence y = 1 and therefore gx = g. Now, by induction
on t it is easy to see that gx = g for any g ∈ G. 
Recall that a group G is said to be radicable if each element is an
nth power for every positive integer n. If G is abelian it is also called
divisible. Note that if G is a nilpotent group such that the factor
γi(G)/γi+1(G) is divisible for any i, then G is radicable. The next two
results were proved in [2].
Lemma 4.2. Let A be a divisible normal abelian subgroup of finite index
of a group G. Then there exists a subgroup H of G such that G = A⋊H.
Proposition 4.3. Let n be a positive integer. Let G be a group such
that ω(G) <∞ and K a torsion-free characteristic subgroup of G with
finite index n. If K is soluble, then there exists a subgroup H of G such
that G = K ⋊H.
M. Schwachho¨fer and M. Stroppel in [12], have shown that if G is
an abelian group with finitely many automorphism orbits, then G =
D⊕Tor(G), where D is a torsion-free divisible characteristic subgroup
of G (see also [1, Theorem A]). Now, we extends this result to nilpotent
groups.
Proposition 4.4. Let G be a nilpotent group such that ω(G) < ∞.
Then G = K × Tor(G) where K is torsion-free radicable subgroup.
Proof. We argue by induction on the nilpotency class of G.
Assume that G is abelian. By Schwachho¨fer-Stroppel’s result [12],
G = D ⊕ T , where D is characteristic torsion free divisible subgroup
and T is the torsion subgroup of G.
Now, we assume that G is non-abelian. Arguing as in the previous
paragraph, we deduce that Z(G) = D1⊕T1, where D1 is a characteristic
torsion-free divisible subgroup and T1 is the torsion subgroup of Z(G).
By induction G/Z(G) has the desired decomposition. More precisely,
Z(G) = D1 ⊕ T1 and G/Z(G) = A¯ × Tor(G¯) where A¯ is torsion-free
radicable subgroup. Let A be the inverse image of A¯. It is clear that
Tor(A) = T1. Set K = A
e, where e = exp(T1). Then K is torsion-free
radicable subgroup and G/K is a torsion group. Since K and Tor(G)
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are a normal subgroups, we have that 〈K,Tor(G)〉 = K × Tor(G).
Then, it is suficient to prove that G = 〈K,Tor(G)〉. Let x ∈ G \ K.
Thus, the subgroup 〈K, x〉 has a torsion-free characteristic subgroup of
finite index. We will use induction on the nilpotency class of K and
Lemma 4.2 to prove that 〈K, x〉 = K × H where H is a finite group.
In fact, if K is abelian, then by Lemma 4.2 〈K, x〉 = K × H where
H is a finite group. If K is not abelian, then by induction the torsion
subgroup of 〈K, x〉/Z(K) is finite. Let N be the inverse image of the
torsion subgroup of 〈K, x〉/Z(K). Then Z(K) has finite index in N and
by Lemma 4.2 N = Z(K) × H where H is a finite group. Therefore
〈K, x〉 = K × Tor(G), which completes the proof. 
Let us now prove Theorem 1.2.
Proof of Theorem 1.2. Recall that G is a virtually nilpotent group with
ω(G) < ∞. We need to prove that G has a torsion-free radicable
nilpotent subgroup K and a torsion subgroup H such that G = K⋊H
and the derived subgroup G
′
= K × Tor(G
′
).
As G is virtually nilpotent we have that G contains a nilpotent char-
acteristic subgroup N of finite index. It is well-known that Tor(N) is
a characteristic subgroup of N and then normal in G. First assume
that Tor(N) = 1. By Proposition 4.3 G = K ⋊ H , where K = N is
torsion-free and H is a finite subgroup.
Consider an unrefinable central series of K of characteristic sub-
groups
K = K1 > K2 > · · · > Kt > Kt+1 = 1.
Note that every factor Vi = Ki/Ki+1 is an abelian group with finitely
many orbits and then Vi can be considered as a vector space over Q.
Now, taking into account that K is a characteristic subgroup of G we
can consider Aut(G) acting on G/K and then we conclude that there
exists a subgroup X 6 Aut(G) of finite index which acts trivially on
G/A. In other words, for any h ∈ H the cosets Kh are invariant by
all elements of X . Note that G has finite orbits under the action of X
since X has finite index.
Now, for each α ∈ X we have that hα = kh for some k ∈ K. Then
for any v ∈ Vi we have
(vh)α = (vα)h
α
= (vα)kh = (vα)h,
since [vα, k] ∈ Ki+1. In other words, the action of H and X commute
in V . Now by Lemma 2.4 H
′
acts trivially on Vi for any i. Thus, H
′
acts trivially on K by Lemma 4.1 and then H
′
6 τ(G).
Now, assume that Tor(N) 6= 1. By Proposition 4.4, N = K×Tor(N)
where K is a torsion-free subgroup. Consider G¯ = G/Tor(N). Clearly
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the inverse image H of H¯ is a torsion subgroup and G = K⋊H where
K is a torsion-free nilpotent subgroup of G. On the other hand, Tor(N)
and H ′ are contained in τ(G) and τ(G) commute with K. Therefore
G′ 6 K ⋊H ′ = K ×H ′ which completes the proof. 
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